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This article's originality resides in the following four points:
 1) It breaks a new path in Public Finance analysis, since it is the only model (I know of) that fits all of Public Finance: Income, Expenses and Debt compressed into two state variables: Debt and Income, and three growth parameters, one for each of the three variables. Models on Public Finance have taken the route of relating these variables to GDP, losing the possibility of integrating these variables as this article has done. 
 2) Although data is fitted to the model, it is really not an econometric model, but rather a mathematical one. The arrangement is also one of public finance accounting. To my mind, this tightens up the analysis.
 3) The article establishes regions and zones of Financial (and Political) Sustainability, as is shown in the case of Mexican Public Finance. So, it is a practical tool for checking on movements towards (or away from) Sustainability. I hope this would be clear from the several examples I develop.
 4) Currently, the prevailing theory that dominates models of Public Finance, and more importantly its practice, establishes that Budget Surpluses are the road to Sustainability. This article shows how this is not true, requiring a simultaneous evaluation of the entire model developed in the article.
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I. Introduction.
When I began thinking about the problem of sustainability of Debt for any entity, private or public, but especially for national governments, I decided to divide my goal into two smaller and closely linked goals: first, establish an integral model of finance in general, and public finance in particular; and second, fill up the model with what strictly needs to be in it, eliminating all else from the purview of the model, as for example the productivity of Debt, a very important point for me, but one on which entities, private and public, generally do not want to be bothered with, and therefore we have poor and erratic information on this point and so I have left it out of the model that is being presented here.
In the above endeavor, I sought the help of a logician, Alfred Tarski.[footnoteRef:1] [1:  See his book on the subject, “Introduction to Logic and to the Methodology of Deductive Sciences”, Dover Publications, Inc., 1961 reprint of the original text of 1941, p. 135, especially his two conditions (consistency and completeness) detailed in Chapter VI, “On the Deductive Method”, in preparation for the Second Part of the book, “APPLICATIONS OF LOGIC AND METHODOLOGY IN CONSTRUCTING MATHEMATICAL THEORIES”.] 

In our proposed mathematical model of two differential equations, we hope to comply with Tarski’s two requirements. 
First, in terms of consistency, we find no contradiction between the two equations (I) and (II) set up in Section III of this article. Second, our model is complete, since it includes the three branches of Public Finance (Income, Expense and Debt), and includes no other concept that does not directly come from them. Thus, we do not consider GDP as an acceptable state variable for our model, since it is outside of the purview of Public Finance, i.e., however important GDP may be to the economy as a whole, it is not within the set of concepts that constitute Public Finance. This is an important point that I would like to develop somewhat.
Governments tap into GDP to get their Income. It is true that there is, in the absence of good fiscal reform or collapse, an elevated correlation between Government Income and GDP. But putting GDP into a model of Public Finance destroys the requirement of completeness of the model, since non-fiscal elements (the great majority) of GDP would now find their way, through this back door, into a model of Public Finance. More importantly, an integral model of Public Finance, with interrelations only between the three branches of Public Finance, would be impossible, and we would have to recur to econometric estimates at every stage of our work, instead of mathematical certainty, a clear loss in precision. Third, the results of the model would be expressed only in terms of the three state variables we have set up, each one representing an entire branch of Public Finance, a big advantage in terms of exercising control or oversight over any of them. Finally, if GDP were to be included in our model in place of Income, simplicity would be sacrificed, as the reader may hopefully agree after going through this article. 
It is worth noting that in a wide-ranging and complete evaluation of sustainability indicators, the Primary Gap is deemed the best.[footnoteRef:2] However, to our mind, its dependence on GDP reduces its utility, especially in times of economic crisis, when the political response to the crisis could be anything from increasing the Primary Gap to reducing it. We may add that the external pressures add to the internal ones in making this strategic decision very political and not so much financial. Thus, GDP and Public Finance may probably part ways until some form of stability is restored.  [2:  “The Forecasting Capacity of Indicators Measuring Budget Sustainability” by Csaba G. Tóth, Public Finance Quarterly, December 2014.] 

Thus, this article's originality resides in the following four points:
 1) It breaks a new path in Public Finance analysis, since it is the only model (I know of) that fits all of Public Finance: Income, Expenses and Debt compressed into two state variables: Debt and Income, and three growth parameters, one for each of the three variables. Models on Public Finance have taken the route of relating these variables to GDP, losing the possibility of integrating these variables as this article has done. 
 2) Although data is fitted to the model, it is really not an econometric model, but rather a mathematical one. The arrangement is also one of public finance accounting. To my mind, this tightens up the analysis.
 3) The article establishes regions and zones of Financial (and Political) Sustainability, as is shown in the case of Mexican Public Finance. So, it is a practical tool for checking on movements towards (or away from) Sustainability. I hope this would be clear from the several examples I develop.
 4) Currently, the prevailing theory that dominates models of Public Finance, and more importantly its practice, establishes that Budget Surpluses are the road to Sustainability. This article shows how this is not true, requiring a simultaneous evaluation of the entire model developed in the article.

II. Our objective.
II.A The theoretical model.
For us, Financial Sustainability for a Government is defined as its ability to achieve its goal of keeping the real Debt/Income ratio under or at an objective and previously fixed Debt/Income ratio. By “objective” I mean subject to the best financial practices in operation.
The Model could be calibrated with data from a Ministry of Finance, as we have done in Section V of this article, in an additional effort to order the Indebtedness in favor of healthy and sustainable federal finances, and not as before, merely borrowing up to the limit of the guarantees acceptable to its creditors, a policy that would turn any government into a simple payer of the yields on its Debt as its main if not only task, obviously without the capacity to attend to the needs of the People. 
For many reasons, the final financial balance is seen most clearly in the behavior of Debt in relation to Income, Expense being subsumed in our analysis by recognizing Primary Surplus as a variable that includes Total Expense, and in what follows, we are going to link with Income as a percentage that effectively affects the rate of growth of Debt. This linking of non-financial Expense, that is, all Expense except that part coming from the Debt, or going into the Debt, with Income through the Primary Surplus, allows us to drop the Expense variable from direct analysis and relegate it to indirect analysis, and so we are able to work with only two variables, Income and Debt, non-financial Expense being linked to Income and so participating completely in the model even though it does not appear in our two differential equations. Naturally, real accounting practices may make our data requirements somewhat harder to get in certain situations, but that is a problem we deal with in a pair of examples in the next section of this article.
II.B Our state variables.
There are several state variables in Public Finance. Most of the important ones are: Income, Primary Expenses, Financial Cost, Expenses, Budget Surplus, Debt and Newly Contracted Debt. However, 
(i)	Expenses = Primary Expenses + Financial Cost; and
(ii)	Budget Surplus = Income – Primary Expenses.
These two equations reduce the model to five remaining state variables: Income, Financial Cost, Budget Surplus, Newly Contracted Debt, and Debt. But,
(iii)	Increase in Debt = Newly Contracted Debt – Budget Surplus + Financial Cost,
since we assign Financial Cost to the Debt accounting, and not to the Expense accounting which can now be eliminated from the model. Equation (iii) allows us to solve out for Newly Contracted Debt, or as we do in the article, get the information on Increase in Debt and subsume Newly Contracted Debt in it. Thus, we finally have four state variables left: Income, Financial Cost, Budget Surplus, and Debt. 
Now, we add in another equation, with a new parameter, b:
(iv)	Budget Surplus = b Income.
So, instead of Budget Surplus as a state variable, we have a relation b, a parameter that allows us to reduce the number of state variables in the model. Of course, b could easily be reconverted into a variable, especially over time, as could be the other two parameters, g and r, measuring growth of the state variables, Income and Debt respectively. 
Finally, Financial Cost can also be discarded as a state variable, since (by equation (i)), it is Expenses – Primary Expenses.
This leaves us with the two state variables of our model (Income and Debt) and the three parameters that could eventually be turned into variables (especially of time).
I understand that the subject is difficult and complicated. I don't have the Truth on the subject. But, as an economist, I consider that my obligation is to seek the beginning of a fruitful dialogue with positive people on the firm foundations of Economic Theory on a subject that forms the heart of all the efforts that peoples everywhere make every day in the hope of receiving from the collective part (mainly governmental) a positive response to their aspirations. The act of ordering Public Finance surely must start with a clear statement of Financial Sustainability. Hence, the importance of our model.
II.C The Equations.
We start with a simple growth equation:
Y’ = (g + b)Y                                                                                                       (I)
where:
Y = Income,
Y' is the derivative of Y with respect to time,
g = the growth rate of Income before accounting for the effect of Debt; and
b = the part of the Income used to pay the Public Debt (b < 0), or the part of the Income received with external funds, and charged to that Debt (b > 0). Thus, b represents the transfer between Income and Debt. At a time that we now consider past, it was mostly always positive, contributing external resources to the government economy, but at the same time increasing the Debt. Thus, also, bY is the Primary Surplus (or Deficit), dedicated to paying a part of the Financial Cost of Debt (or increasing it). The Government has to guess correctly whether an additional expense (current or capital), created with extra Debt would be better for its future sustainability than not going through with the operation and holding the Debt constant. 
Essentially, the question becomes which would grow faster: Debt or Income? With some sizeable existing Debt, the government’s future financial capacity depends upon it having a present and future constant and sizeable stream of Primary Surplus. Too many governments overestimate their real possibilities of the income (and expense) option, that is, a current solution to a current situation, and go for the debt option, creating a problem of sustainability further down the road. 
So, what we are saying is that contracted Debt should be productive and not automatic deficit-filling unproductive Debt, as an irreflexive answer to poor Expense management. The guardrails against unproductive Debt are weak everywhere, oftentimes non-existent, and governments do not want, for many reasons, to say what part of contracted Debt is being paid off by the relevant projects that absorbed that Debt. Democracy should work towards the strengthening of these guardrails, especially in this matter of productive indebtedness.
In order to have Sustainable Finance, many countries, such as Mexico, Hungary and many others, need to meet the condition of having b chronically negative, that is, devoting a part of the Public Income to the payment of the Debt. Now, b could vary over time, b(t). It could eventually evolve into a control variable in an optimal control model, something we have not done here, since we believe there are a host of other issues to clean up before we get there. Our model shows the high degree of sensitivity of Public Finance to small movements in b, making it a critical control variable for the entire model. Here, more is not the same as better, as our model will show, and as we should expect, from the concave nature of most economic and financial functions.
The second equation establishes the rules for the growth of Debt, and relates the growth of Debt, D, to Income, Y, through transfers between (D, Y):
D’ = rD + bY                                                                                                 (II)
The growth of Debt without any interaction with Income gives us the average rate of return, r, on all existing Debt. This may be in the form of interest, commissions, other fees, devaluations of the local currency, corruption, theft, or any other cause that finds its way into existing Debt. This is a different procedure than the normal simple (partial) accounting of interest (and accessories such as commissions) as return over Debt. We take into account an increase in Debt over the same period, and the parameter r reflects this increase, which of course includes the return on Debt plus any other factors contributing to its increase over the period in question.
We are also assuming something else: contracting (or crediting a payment to) an amount of new Debt results in an equal increase (or decrease) in Income, that is, the contracted amount enters fully into Income and is not subject to discounts, legal or illegal, of any nature. Normally, it is like that and economic and fiscal accounting do it that way. Otherwise, we would have to add an additional parameter h for discounting bY when it affects Income positively and/or increasing bY when it affects Income negatively, inefficiency always working against the public weal. The parameter h would therefore become an inefficiency factor, akin to a corruption index. In our case, we have treated it as unity, mostly because we do not have good data on the parameter, something that would certainly be a worthwhile study in itself.
III. Our Method
Having set up our theoretical model in Section II, we now establish our method for analyzing it for Sustainability.
Our greatest interest is in knowing the evolution of the relationship between Debt and Income, defined as W ≡ D/Y for different scenarios of the variables (r, g, b). Let us remember that r is not the contracted interest rate, but the rate of growth of D before including payments bY, and therefore an amount generally greater than the interest generated.
So, we have Equation (III), which specifies the rate of change of the D/Y ratio over time, and will be central to the discussion that follows.
W’/W = r + b/W – (g + b)                                                                              (III)
The first two terms on the right-hand side of (III) reveal the Debt effect on the rate of change of W, and the last term the Income effect.
Equation (III) could be multiplied by W to yield
W’ = aW + b                                                                                                 (IIIA)
where a is (r - g - b).
First, if we take (a, b) as constants, (IIIA) yields[footnoteRef:3] [3:  For confirmation, see for example Erwin Kreyszig, “Advanced Engineering Mathematics”, John Wiley and Sons, Inc., New York, 1962, Section I.7 on first order differential equations with constant and variable coefficients.
] 

[bookmark: _Hlk122900688]W = -b/a +c exp(at)                                                                                      (IIIB)
Where c is the constant of integration and can be solved out for any boundary condition, such as W(0) = W0 > 0, so that 
c = W0  +  b/a.
[bookmark: _Hlk122901586]There are many paths that W could take depending upon the sign and size of (a, b). If (a, b) > 0, then W tends (with t) to ∞. If a > 0 > b, then W tends to +/- ∞ according to the sign of c. If a < 0, regardless of the signs of b or c, W tends to -b/a. The typical case is the intermediate one, with r outstripping (g + b) and b negative.
We now show examples of how our model could be applied to Financial (Debt) Sustainability.
IV Results
IV.A Theoretical results
The first result we want to find is the combination of parameters (r, g, b) that leaves the D/Y ratio constant, that is, W' = 0, from which:
W* = b/(g + b – r)                                                                                        (IV)
Equation (IV) establishes the borderline between Financial Non-Sustainability and Financial Sustainability at the current (or objective) D/Y ratio, W*, critical to the health of the entire government economy. For example, for W* = 2, as has been approximately the case in Mexico for the past few years, and is an approximate figure for many countries, we will have
b = 2(r – g)                                                                                                 (IVa)
Therefore, to keep the Debt/Income ratio at 2, Mexico would need b to be twice (r – g). If r = 8%, g = 6%, we will have b = +4% of Income, that is, a Primary Deficit of 4%, through infusion of Debt, is required to keep Income growing at the same rate as Debt, a policy followed by the country with terrible effects, basically due to its system of contracting unproductive Debt as the final event of improperly managed Public Finances, with the resulting model yielding, at times of crisis, an interest rate on Sovereign Debt of up to 18% per year. Therefore, if in the next period, r is greater, say 9%, or g is lower, say 5%, we would need a Primary Deficit of 6% of Revenues, and so on, until the federal finances are ruined in the effort to maintain Debt in a fixed relationship with Income, and then simply to count on some minuscule increase in Income, that is, economic exhaustion. 
Now, with (r – g) negative, with (say) r = 8%, g = 9%, b = -2% of Income, we will have a reduced Primary Surplus that does not make the growth rate of Income depend on new Debt, and it allows for a lasting solution not only for W* = 2, but also for the rest of the government economy. If b is now controlled to become (say) -3%, from equation (IV) W* = 1.5, well towards Financial Sustainability, if the parameters hold, especially politically speaking. The political authority could choose, between these two alternatives, or positions in between. 
From equation (IV) it is evident that when (r > g), b has to compensate for the lack of Income generated within the government economy to achieve the goal of keeping W* constant. Of course, when (g > r), there is no such need, and with (b = 0), that is Zero Deficit, the W* ratio goes down, there is even room to contract more Debt through a Primary Deficit. The superiority of g over r is then critical for Sustainability, although some regimes with (g < r) are also sustainable. 
In this sense, with flourishing and dynamic revenues, almost the entire Public Indebtedness problem is reduced to one of optimal control of parameter b. Therefore, the aeration of the national collection system should be a high priority to raise the parameter g to at least approach r, enough to solve the most urgent part of the problem of Public Indebtedness in the medium term.
Also, it is critical for a country to pay much attention to the development of its capital markets, as Ronald McKinnon established some five decades ago.[footnoteRef:4]  The relatively poor attention given to these internal markets makes these countries depend excessively upon foreign markets, often times starting off a major devaluation crisis that periodically blows up the foreign component of Public Debt.  [4:  Ronald I. McKinnon, “Dinero y capital en el desarrollo económico”, CEMLA, México, D.F., 1974, translated into Spanish from his Brookings publication of 1973, “Money and Capital in Economic Development”, especially pages 18-23 that discuss the importance of high interest rates and the debt coefficient.  ] 

We now establish Financial Sustainability Zones that can be crossed with Political Sustainability Zones (for example, Min b < -3%) to establish the acceptable area for Public Finances, through two comparisons: first, a scheme such as Graph 1, essentially valid for low-debt countries, with another for medium to high-debt countries (Graph 2).
Graph 1.
(r – g), b, for W* = 2
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To the right of the diagonal line is the Region of Financial Sustainability (W' < 0), and to the left of said line is the Region of Financial Non-Sustainability (W' > 0), both regions separated by W' = 0 and W* = 2. There is also a Political Sustainability Zone that we mark to the right of the point (b = -3%). Of course, a successful policy would achieve a point that meets both the Political and Financial requirements. For another W*, say W^, a W that we want, there would be another region of sustainability. As W goes down, these Debt to Income proportionality W* lines turn clockwise, and W* = 1 lies on top of the x axis. Also, we have marked a financially comfortable region as a band around W* = 2. To the northeast of the band Sustainability becomes increasingly risky, and W slides into territory greater than W*. To the southwest of the Sustainability band, W drops under W*, and if this regime could be maintained, W* could be lowered accordingly. 
Now, we will present another happier scheme with W* = 0.5, to show the increasing options for not carrying a heavy Debt relative to Income, which can be achieved with (r – g) = 2 % per year, and with b < -2%, perhaps -2.5%, very close to the limit of the Political Sustainability Zone. 
Graph 2.
(r – g), b, for W* = 0.5 
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As W is reduced, the emphasis of the model is transferred from the management of the parameter b to the reduction of (r – g) and its eventual conversion into negative quantities permanently, an objective achieved by the financially developed countries, which can thus have virtually any W for having the parameter r very close to zero. But this is not so for less developed economies that have to keep their growth rate of Income high enough to be in the neighborhood of r. Therefore, comparing the financial circumstances of these with developed economies, on the basis of direct Debt/GDP ratios, for me is a serious mistake.


IV. B Empirical results
In Table 1, we have put together data for Public Finance for Mexico’s entire Federal Public Sector for the period 1996-2021. We need two years for calculating each of our three parameters, (r, g, b), so we have no results for the first year, 1996.
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Data for the entire Mexican Federal Public Sector, 1996-2021 (in millions of pesos)
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Table 1 (Part 2)
Data for the entire Mexican Federal Public Sector, 1996-2021 (in millions of pesos)
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In Table 1, we have brought together the main data for Mexico’s Federal Public Sector, and some observations are in order:
1) Income is Gross Income. Naturally, some of the Income for Public Entities is transferred (through taxes, fees and so forth) to the Federal Government which also registers it as Income. So, the Income total may be somewhat different utilizing a different criterion for cancelling out these transfers. 
2) Primary Expenses have (after 2013) been specified in the Public Accounts, but before then were not presented as such. Rather I have had to deduct Financial Cost from Total Expense to get the numbers for Primary Expense.
3) Debt is at year end and is Gross Debt.
4) Financial Cost has been calculated by me in the period 1996-2012, since it was not specified as a concept, but as part of Non-Programmable Expenses, including Participations (Revenue Sharing) under that heading.
The first data that is of interest to us is the path of b over the entire data period. 
A) From 2000 through to 2008 we observe huge Primary Surpluses every year, an average of almost 9%. Did these huge surpluses drive down the amount of Debt, or at least the D/Y ratio? Debt increased almost as fast as Income in the period, so that D/Y was actually somewhat lower in 2008 than in 2000. Financial Costs increased much more slowly than Income or Debt, indicating a favorable time for generally lower interest rates relative to Income growth (g > r). But at the end of the period, the reverse is true, (r > g) for 2008, and the problem was already out of hand, since with those data, D/Y tended to grow at an annual rate of 14.29% (see column [15]), a sure sign of what was in store for Mexico’s Public Finances for 2009, when D/Y explodes to 1.47, initiating a new era of significantly increased indebtedness, and a corresponding reduction of margins of maneuver for Public Finance, a handicap for the country that only increased with time.
B) From 2008 through to 2018 we see a sustained and high increase in the Debt/Income ratio, from 1.14 to 2.15, and (r > g) in a large way, barring three years when the difference between r and g was less than 2 percentage points, which we take as a general criterion of nearness to Sustainability.
C) From 2018 to 2021, we have a small rise in the D/Y ratio, but the tendency is clearly upwards. New data for 2022 may alter this tendency, but in no way may we conclude that Mexico’s Public Finances are out of the woods.
Our second data of interest is r, which also varies widely over the period, from 1% to 35% (column [9]), and fluctuates depending upon several factors, especially devaluations of the peso (2006, 2008, 2020, and the extended period 2014-2017). These devaluations increased the amount (in pesos) of external debt and so raise r, oftentimes in a very important way, making the path to Sustainability difficult. The lack of development of the different national (and especially, regional and local) capital markets is key for national development and also Financial Sustainability. In our way of thinking, it makes no sense to make the public entities borrow almost entirely on the international market at ever-worsening conditions. Of course, a part of the devaluation is recovered through increased Income, but (r > g) in all these years, sometimes to the tune of 28 percentage points as in 2009, in the aftermath of the devaluation the year before.
Our third data of great interest is g. In column [10] we calculate (g + b) as the annual increase of Gross Income Y, which is shown in column [10], and includes transfers from Income to and from Debt. In column [11], we then calculate g. 
On the basis of very different policies for b, we have elaborated three periods: first, from 1997 through 2007; then, from 2008 till 2018; and finally, the last three years in our data, 2019-2021. In the first period, b was substantially negative with large Primary Surpluses; in the second period, b was considerably positive with large Primary Deficits; and in the final period, b is closer to zero than in the other two periods, although slightly negative. We analyze these three periods in Graphs 3, 4 and 5 respectively.
Graph 3
[bookmark: _Hlk117977406](r – g) and b for 1997-2007, with W* = 1.17
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In Graph 3, the average W for the period is W* = 1.17, shown as the blue line. To its Southeast is the Region of Financial Sustainability. On it, W would continue to be 1.17 for the subsequent year(s). As the reader can appreciate, in the period, all the points lie between b < -5 and b > -16, that is, massive Primary Surpluses in every year. From Table 1, the reader may see that (r – g) moves steadily upwards throughout this period, so that we may conclude that, relative to the growth of Debt, Income growth was steadily diminishing. The investment of a part of the Primary Surplus of the period in Infrastructure or Services would have allowed (b + g) to be somewhat greater and (r – g) to be somewhat more reduced. From 2002 to 2007, in every year, the Primary Surplus was at least 9%, an average of 10%. Yet, at the end of the period, even with that kind of a Surplus, the Public Sector’s Finances were clearly outside of the Region of Financial Sustainability. And after years of large Primary Surpluses, both the Federal economy and also the National economy went into reverse gear.
We conclude from the data and our analysis that huge Primary Surpluses lead to Financial Unsustainability. Simply put, more is not better. 
We now analyze the period from 2008 through 2018, characterized by large Primary Deficits.

Graph 4
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In Graph 4, we see a total reversal of the financial policy of the period 1997-2007, and b turns positive and in 6 of the 11 years, is greater than 2%. The average Debt/Income ratio, W, rises from 1.17 in the first period to 1.71 in the second. Only one of the 11 points makes it into the Region of Financial Sustainability, and two more are close by. Similarly, (r – g) is greater than 2% in 8 years. Spending most of the period solidly locked into the Region of Financial Unsustainability is a sure formula for ruining Federal finances.
Finally, in Graph 5, we look at the most recent period (2019-2021), where both (r – g) and b move towards the line of Financial Sustainability. This is much better than having huge primary Surpluses or Deficits, but it does not clearly get a handle on the financial problem. Nevertheless, the combination of (r – g) and b is much more in tune with what our model requires, which is basically stipulated in our Graph 1. 
In Graph 5, the reader may observe that (r – g) is dangerously high (almost 10%) in one of the three years, and at that level of (r – g) Sustainability exists only with Primary Deficits of more than 18%. No amount of Primary Surplus moves the Federal Public Economy closer to Sustainability, but rather away from Sustainability. On the other hand, in the other two years, (r – g) is negative, allowing for a wide selection of Primary Deficits and Surpluses. The important point is to place the Federal Economy in the vicinity of the line marked W* = 2.24, preferably under it. Every year that this is achieved, W* for the next year is lower than the prevailing W*. With an annual reduction of W* by around 0.05, something already achieved in two of the three years in our data, in 25 years W* would be around unity, Debt would be a small drag on the Federal Economy, and it would not be broken by a Debt crisis. 
Graph 5.
(r – g) and b for 2019-2021, with W* = 2.24
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We have calculated the Correlation Coefficients for the data for the entire period (1997-2021) in Table 2.
Table 2
Correlation Coefficients for the data in Table 1
                 r               (b + g)               g                W                (r – g)               W’/W
b           .3630*         .6309***        .8519**      -.7747***         -.5573***          .4122** 
r                                .2566            .3943**      -.4540**           .4062**            .4674**
(b + g)                                           .8981***     .4908***          -.6882***          -.6729***
g                                                                     -.6230***         -.6796 ***          -.6216***
W                                                                                             .2570               .2407
(r – g)                                                                                                               .9913***                     
Note: For the two-tailed test of significance, we have 90% probability if the Correlation Coefficient is absolutely greater than .323, 95% if it is greater than .381, and 99% if greater than .487.
A first conclusion for our data series of 25 years, is that all coefficients are generally high: everything is closely related. This is as it should be due to the integral nature of public finance, recognized by our two differential equations, which cover its three main areas: Income, Expense and Debt.
A second conclusion, for the management of the Primary Surplus, is its consistently negative effect on important parts of Mexican Public Finance. This effect is greatly related to the growth rate of Income, g, and lesser so in lowering the rate of increase of Debt, r, so that overall, b correlates well with (r – g), big surpluses pushing Mexican Public Finance towards Unsustainability. This can also be seen in its relationship to both, W and W’, large negative b in the early 2000s going with low W and W’ also. But even in general, over the entire period, b correlates with the relative increase of W:  large b (Primary Deficits) raising the rate of growth of W, and making Mexico’s finances that much unsustainable. Our model and the data recommend that Mexico should stay away from large Primary Surpluses, unless they be extraordinary and unexpected windfalls that naturally need time to be well utilized.
A third conclusion for the rate of growth of Debt without Income transfers, r, is well correlated with both g as well as (r – g), all moving together at different speeds. We also have r negatively correlated with W as a result of high r (compensated by high levels of b) in the early period up to 2007. However, r has a higher correlation with the percentage increase of W (W’/W) than b, but much lower than g. This points to our insistence on a faster development of a larger, more competitive national (not just metropolitan) capital market, and the movement of international debt towards this market, coupled with fast growth of Income.
A fourth conclusion is that the growth rate of Income, g, correlates well with (r – g). However, if all three variables (b, r, g) are increased proportionately, we may expect (r – g) to also increase. The correlation between g and W is very good, and for decreasing the rate of growth of W (W’/W), g is better correlated than r. For Sustainability, g is clearly the best alternative, superior to both b and r.
VI.  Conclusions.
The indebtedness model was created by us in the eighties of the past century and published in 1991[footnoteRef:5], and was initially used to determine the National Economic Sustainability Zones and then applied to the international negotiation of Mexico's Foreign Debt. [5:  https://estudioseconomicos.colmex.mx/archivo/EstudiosEconomicos1991/211-230.pdf.
] 

However, we have adapted that model to Mexico’s Public Finance. The model could be used to measure Sustainability for a country, state, municipality, corporation or any other entity that relies on Income, Expenses and Debt to convey its financial position. We consider it useful to include all the relevant variables and parameters in a single, easily managed, theoretical and practical model, to place any institution, public or private, in its corresponding Financial Sustainability Region. 
My greatest hope is that, after due review, with important corrections, criticisms and modifications, governments would give the model an appropriate use. 
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image3.emf
Year Income Primary Expenses Primary Surplus b (in %) Financial Cost Debt at year end

[1] [2] [3] [4] = - [3]*100/[1][5] [6]

1996 580722 471932.8 108789.2 -18.73 109600.1 884625.7

1997 737180.9 623481.9 113699.0 -15.42 123815.8 920557.5

1998 783045.9 714161.3 68884.6 -8.80 108911.5 1197505.2

1999 956683.1 851899.1 104784.0 -10.95 163711.7 1302247.7

2000 1179918.9 1102629.2 77289.7 -6.55 140497.4 1401428.8

2001 1271646.3 1178977.7 92668.6 -7.29 148210.4 1420869.0

2002 1387500.4 1239906.7 147593.7 -10.64 170654.4 1629720.6

2003 1600589.8 1432972.3 167617.5 -10.47 172508.8 1808521.6

2004 1771314.2 1595781.0 175533.2 -9.91 235767.6 1906451.6

2005 1947816.3 1769622.5 178193.8 -9.15 223547.5 1950948.7

2006 2263602.5 2020493.7 243108.8 -10.74 270046.8 2337319.7

2007 2485785.1 2260021.8 225763.3 -9.08 254899.3 2559489.7

2008 2860926.4 2667693.9 193232.5 -6.75 227112.6 3269548.9

2009 2817185.5 2851252.9 -34067.4 1.21 262812.5 4146134.2

2010 2960443.0 3099532.9 -139089.9 4.70 255755.1 4326771.4

2011 3271080.0 3354558.5 -83478.5 2.55 273931.3 4926968.0

2012 3514529.5 3610059.5 -95530.0 2.72 305118.5 5330311.3

2013 3800415.6 3891799.5 -91383.9 2.40 314551.4 6166829.5

2014 3983056.1 4220835.2 -237779.1 5.97 345973.7 7222878.5

2015 4266989.5 4508960.3 -241970.8 5.67 408287.2 8430561.7

2016 4845530.3 4904829.9 -59299.6 1.22 473019.7 9934343.9

2017 4947608.3 4722752.3 224856.0 -4.54 533115.2 10286748.6

2018 5115111.1 4996518.5 118592.6 -2.32 615040.6 11019212.3

2019 5384984.3 5147954.6 237029.7 -4.40 666486.9 11427965.0

2020 5339990.5 5321634.3 18356.2 -0.34 686085.0 12440906.7

2021 5960944.6 6062261.3 -101316.7 1.70 686689.4 13489739.4

Source: Relevant years from https://www.cuentapublica.hacienda.gob.mx/


image4.emf
Year % [5]/[6] Debt increase[8] + [3] r (in %) (b+g) in %g (in %) W = D/Y (r - g) (r - g -b)+b/W

[7] [8] [9] [10] [11] [12] [13] [14] [15]

1996 12.4 1.52

1997 13.5 35931.8 149630.8 16.91 26.94 42.37 1.25

-25.45 -22.38

1998 9.1 276947.7 345832.3 37.57 6.22 15.02 1.53

22.55 25.59

1999 12.6 104742.5 209526.5 17.50 22.17 33.13 1.36

-15.63 -12.72

2000 10.0 99181.1 176470.8 13.55 23.33 29.88 1.19

-16.33 -15.30

2001 10.4 19440.2 112108.8 8.00 7.77 15.06 1.12

-7.06 -6.30

2002 10.5 208851.6 356445.3 25.09 9.11 19.75 1.17

5.34 6.92

2003 9.5 178801.0 346418.5 21.26 15.36 25.83 1.13

-4.57 -3.37

2004 12.4 97930.0 273463.2 15.12 10.67 20.58 1.08

-5.46 -4.75

2005 11.5 44497.1 222690.9 11.68 9.96 19.11 1.00

-7.43 -7.42

2006 11.6 386371.0 629479.8 32.27 16.21 26.95 1.03

5.31 5.65

2007 10.0 222170.0 447933.3 19.16 9.82 18.90 1.03

0.27 0.53

2008 6.9 710059.2 903291.7 35.29 15.09 21.85 1.14

13.45 14.29

2009 6.3 876585.3 842517.9 25.77 -1.53 -2.74 1.47

28.51 28.12

2010 5.9 180637.2 41547.3 1.00 5.09 0.39 1.46

0.62 -0.87

2011 5.6 600196.6 516718.1 11.94 10.49 7.94 1.51

4.00 3.14

2012 5.7 403343.3 307813.3 6.25 7.44 4.72 1.52

1.52 0.60

2013 5.1 836518.2 745134.3 13.98 8.13 5.73 1.62

8.25 7.33

2014 4.8 1056049.0 818269.9 13.27 4.81 -1.16 1.81

14.43 11.76

2015 4.8 1207683.2 965712.4 13.37 7.13 1.46 1.98

11.91 9.11

2016 4.8 1503782.2 1444482.6 17.13 13.56 12.33 2.05

4.80 4.17

2017 5.2 352404.7 577260.7 5.81 2.11 6.65 2.08

-0.84 1.52

2018 5.6 732463.7 851056.3 8.27 3.39 5.70 2.15

2.57 3.81

2019 5.8 408752.7 645782.4 5.86 5.28 9.68 2.12

-3.82 -1.49

2020 5.5 1012941.7 1031297.9 9.02 -0.84 -0.49 2.33

9.52 9.71

2021 5.1 1048832.7 947516.0 7.62 11.63 9.93 2.26

-2.31 -3.26
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